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a b s t r a c t
Generalized polynomial chaos expansion provides a computationally efﬁcient way of quantifying the
inﬂuence of stochastic parametric uncertainty on the states and outputs of a system. In this study, a
polynomial chaos-based method was proposed for an analysis and design of control systems with parametric uncertainty over a non-hypercube support domain. In the proposed method, the polynomial chaos
for the hypercube domain was extended to non-hypercube domains through proper parameterization
to transform the non-hypercube domains to hypercube domains. Based on the proposed polynomial
chaos framework, a constrained optimization problem minimizing the mean under the maximum allowable variance was formulated for a robust controller design of dynamic systems with the parametric
uncertainties of the non-hypercube domain. Several numerical examples ranging from integer to fractional order systems were considered to validate the proposed method. The proposed method provided
superior control performance by avoiding the over-bounds from a hypercube assumption in a computationally efﬁcient manner. From the simulation examples, the computation time by gPC analysis was
approximately 10–100 times lower than the traditional approach.
© 2014 Elsevier Ltd. All rights reserved.

1. Introduction
Modeling inaccuracies or uncertainties are inevitable in
practice. The deterministic worst case setting is the most popular way of considering parametric uncertainty in control theory
[1–3]. One of the drawbacks of this worst case-based method is
its computational complexity, in that it often becomes computational intractable for general uncertainty structures [4]. To avoid
this problem, the uncertainties are normally assumed to be of an
interval or hypercube type in the worst case approaches. On the
other hand, when the uncertainties are not of the hypercube type,
they need to be over bounded by a hypercube, which can lead
to an excessively conservative design. Therefore, a probabilistic
approach that can handle the actual type of uncertainties should
be considered for a proper controller design.
The Monte-Carlo (MC) method is a representative traditional
probabilistic approach for the analysis and control of uncertain
systems [4–6]. The brute-force implementation of the MC method
involves ﬁrst generating an ensemble of random realizations with
each parameter drawn randomly from its uncertainty distribution.
Solvers are then applied to each member to obtain an ensemble
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of results. The ensemble of results is then post-processed to estimate the relevant statistical properties, such as the mean, standard
deviation, and density function. The stability and robustness of the
system against the uncertainties can be inferred from these statistical properties. The estimation of the mean converges with the
inverse square root of the number of runs, which makes MC methods computationally expensive. The high computational cost of MC
methods has motivated the development of computationally efﬁcient methods for uncertainty propagation and quantiﬁcation that
replaces or accelerates them, such as Quasi Monte Carlo (QMC)
methods [4,7,8] and generalized polynomial chaos methods (gPC)
[9–12].
Many studies have considered probabilistic approach for robust
controller design [4,13–15]. These studies, however, focused primarily on MC/QMC methods rather than the gPC method. The most
popular approach is to consider linear systems with stochastic additive Gaussian input [13]. For a linear time invariant system, the
states are also Gaussian. Therefore, the predictive control problem
is formulated as a standard chance constraint problem. When parametric uncertainties are involved, as reported in reference [14], the
scenario approach is suggested for robust model predictive control. In reference [15], the MC method was used to design a full
state feedback controller in mini unmanned aerial vehicles. Please
refer to [16] for a recent update of the probabilistic methods for
control system design.
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where P is the order of polynomial chaos, and f m is the coefﬁcient
of the gPC expansion that satisﬁes (2) as follows:



Fig. 1. Closed-loop control system.


f m = E[˚m f (y)] =

f (y)˚m ()()d

(4)



This study considered generalized polynomial chaos (gPC)
expansions as a functional surrogate model of a system model in
the presence of uncertainty of the non-hypercube type. Although
uncertainty propagation and quantiﬁcation using gPC expansions
have been studied extensively, the application of gPC to probabilistic robust control is relatively new [17,18], and unavailable to
systems with uncertainty of the non-hypercube domain.
In this study, a polynomial chaos-based method was proposed
for probabilistic analysis and robust controller design for systems with parametric uncertainty over the non-hypercube support
domain.
This paper is organized as follows. Section 2 introduces the
theory of gPC methods for uncertainty with a hypercube domain.
Section 3 derives several parameterizations for an analysis of a
non-hypercube domain. In Section 4, the gPC based method for the
fraction order controller design is proposed. Section 5 includes several examples of probabilistic analysis and controller design of the
systems with non-hypercube uncertainty.

where E[] denotes the expectation operator.
The probabilistic collocation approach [9] was used to obtain the
gPC coefﬁcients of the response function because of its simplicity.
The algorithm is expressed brieﬂy as follows:
qi

• Choose a collocation set, { (m) , w(m) }
for each random comi
m=1
ponent, i , for every direction i = 1, . . ., N, and construct a
one-dimensional integration rule,

(i)

Qqi [g] =

qi


(j)

(j)

g(i )wi

(5)

j=1

where Q[ ] denotes the quadrature approximation of the univariate
integration. A Gaussian quadrature [11] is normally used as a onedimensional integral rule in classical spectral methods, such as the
deterministic equivalent modeling method (DEMM).
• Obtain an N-dimensional integration rule by the tensorization of
the one-dimensional integral rule:

2. Probabilistic analysis using polynomial chaos theory for
hypercube domain

Q

Consider a closed loop control system in Fig. 1 with a plant and
a controller:
C(s) = Kp +
G(s) =

Ki
s

sˇm

bm
+ ... + b0 sˇ0 −Ls
e
˛
n
an s + ... + a0 s˛0



...
j1 =1

(j )



(j )

g(1 1 , . . ., NN )(w1 (j1 ) ⊗ ... ⊗ wN (jN ) ) 

g()()d

(6)



jN =1

(1)
• Approximate the gPC coefﬁcients in (4) using the numerical integration rule in (6).

where the vector of its parameter  = (a1 , . . ., an , b1 , . . ., bm , L) =
(1 , 2 , . . ., N ) is a random vector of mutually independent uniform
random components with probability density functions of i (i ) :
i → R+ . Therefore, the joint probability density of the random
N
N
vector, , is  = i=1 i , and the support of  is  ≡ i=1 i ∈ RN .
di
The set of one-dimensional orthonormal polynomials, {i (i )m=0
},
can be deﬁned in ﬁnite dimension space, i , with respect to the
weight, i (). Based on a one-dimensional set of polynomials, an
N-variate orthonormal set can be constructed with P total degrees
in the space, , using the tensor product of the one-dimensional
polynomials that satisﬁes:


˚m ()˚n ()()d =

q1
qN



where ⊗ and Q [] denote the tensor product and the multivariate
quadrature (cubature) approximation, respectively.

+ Kd s ;



=

[g] = (Qq1 (1) ⊗ . . . ⊗ QqN (N) ) [g]

1 m=n
0 m=
/ n

(2)

Considering a response function of the system output f (y(t, ))
with the statistics (e.g. mean and variance) of interest, the



f˜ j =

Q

[f (y, )˚()] =

Q


f ( (m) )˚j ( (m) )w(m) for j = 1, ..., M

(7)

m=1




where f˜ is the numerical approximation of f using cubature.
• Construct an N-variate Pth order gPC approximation of the
M 
response function in the form, f̃NP =
f˜ ˚ ().
j=1 j j
Once all the gPC coefﬁcients have been evaluated, a postprocessing procedure is then carried out to obtain the statistics of
the response function, f (y(t, )).
The mean of the response function is the ﬁrst expansion coefﬁcient,


E[f̃NP ] = f =


f̃NP () d=





⎡
⎤
M


⎣ 
f j ()˚j ()⎦ () d = f 1 (8)
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The variance of the response function f (y(t, )) can be expressed
as
Df =

2
f

2

= E[(f − f ) ]


=

⎛
⎝

M





=

⎞⎛
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M



⎞

f˜ j ()˚j () − f˜ 1 ⎠ () d


j=1

M



f˜ 2j

(9)

j=2

Eqs. (8) and (9) employ the property that the polynomial set
begins with ˚1 () = 1. The weight function of the polynomial is
the probability density function. If a response function, f (y) = y,
is chosen, the mean and variance of the system’s states can be
approximated using Eqs. (8) and (9), respectively. The surroM 
gate gPC series, f̃NP =
f˜ ˚ (), can be sampled to obtain the
j=1 j j
probability density function for the response function.
di
The set, {i }i=1
, is the orthonormal polynomial of i with a weight
function, i (i ). The weight function is the probability density function of a random variable, i . This links the distribution of the
random variable, i , and the type of the orthogonal polynomials
in its gPC-based method. Because the uncertainties are a uniform
type, the Legendre polynomials and their quadrature should be
used for optimal convergence. More details on how to construct the
Legendre polynomials and its associated quadrature can be found
in references [9,10] and the references therein.
The errors for stochastic simulation have two sources: truncation error and simulation error. Truncation error is due to the
ﬁnite dimensional approximation of the inﬁnite dimension random
process (ﬁnite order of gPC expansion, ﬁnite number of samples).
Simulation error is due to the error of the deterministic method
used for the simulated system with the sample/cubature set.
For information on the spectral convergence of the gPC approach
under the smooth dependence of the solution on the random
parameters, please refer to [9–12].
Remark. The computational effort needed by the gPC method is
scaled with the number of cubature nodes used to estimate the
gPC coefﬁcients. Therefore, the computational load of gPC increases
exponentially with increasing dimensions of random space. For
this reason, the gPC method is suggested only when the number
of random parameters is low, e.g. <5 [9].

3. Parameterization of non-hypercube domain
The presence of uncertainty in the system description has
always been a critical issue in control theory and its applications. The most popular way when considering the uncertainties
is to consider it as an interval uncertainty (i.e. with a hypercube
domain). Nevertheless, the non-hypercube probability spaces with
an irregular shape of the parameter domain often occur in control engineering problems, e.g. as reported in [19–22] and the
references therein. According to references [21–23], the parameter ellipsoidal uncertainty descriptions are obtained more naturally
from parameter identiﬁcation procedures. When the uncertainties
belong to the non-hypercube domain, the uncertainty set is normally over bounded with the hypercube domain to simplify the
design procedure, which often leads to a too conservative design.
According to reference [4], the uniform distribution may have
the worst-case properties compared to other distributions. Therefore, the uniform distribution is considered in the plan as a
distribution-free robustness design. In this study, the design and

analysis with the parameters distributed uniformly in a nonhypercube domain were considered.
In this section, the gPC method was extended to a nonhypercube domain. First, the polynomial chaos for a hypercube
domain was constructed, as in the previous section. To utilize the
gPC framework for hypercube domains, proper parameterizations
to transform a non-hypercube domain to a hypercube domain are
presented for several popular types of non-hypercube domains:
ellipsoidal, simplex, etc.
The purpose of considering the simplex uncertainty is that polytopic and other complex uncertainty domains can be decomposed
easily into multiple simplex domains. In that case, under certain
conditions, the multi-element polynomial chaos can be used for
probabilistic analysis [24].
The following theorem was used to parameterize a nonhypercube domain in to a hypercube one [4].
Theorem 1.
Let  ∈ Rn be a random vector with density,
 (1 , ..., n ), continuous in a support domain  ⊆ Rn , and let  =
(), where :  → , ⊆ Rn , is a one-to-one mapping, so that
the inverse  = −1 () = h() is well deﬁned. The partial derivatives,
∂i /∂l = ∂hi /∂l , exist and are continuous on .
The random vector  has a density of
 () =  (h())J( → )

(10)
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(11)

is the absolute value of the determinant of the transformation Jacobian.
The gPC expansion becomes non-polynomial expansions due to
the transform [9]. Therefore, this transform leads to sub-optimal
convergence in the gPC expansion. Note that the transformations
ensure that the new random vector has an exact density function
as the given one.
3.1. Parameterization of a l2 ball and weighted l2 ball (uniform in
an ellipsoid)
3.1.1. Euclidean ball and its parameterization
A random vector,  = (1 , . . ., n ), is distributed uniformly in
Br , a l2 ball with a radius r, if the density can be expressed as follows
[4]:

 =

⎧
⎪
⎨
⎪
⎩

1
Vol(Br )

 
if  =
2

0

otherwise

 N
2
 2
i 
≤r

(12)

i=1

where Vol(.) denotes the volume and .
vector.

2

is the l2 norm of the

3.1.2. Parameterization algorithm
• Let  = (1 , 2 , . . .. . .N ) be a vector of the independent uniform random components in [−1, 1]N . The following
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transformation returns a real random vector, , distributed uniformly in Br , a l2 ball with radius r:

 

1 = sin
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2 = cos
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N−1



1/N
(14)

[x2 + y2 − 2xy] dxdy

(15)

x2 +y2 ≤1

This integral can be rewritten as an expectation of a function
with two random variables, x and y, distributed uniformly in a unit
disk:
1




[x2 + y2 − 2xy] dxdy = E(x2 + y2 − 2xy)

(16)

x2 +y2 ≤1

The following gives a list for the use of the gPC method with the
above parameterization for estimating Eq. (16).
• Set the radius of uncertainty radius r = 1;
• Obtain the two 1D Legendre quadrature sets and their associated
(i)

q

(j)

q

polynomials. The two quadratures {1 , w1 (i) }1 and {2 , w2 (j) }1
have the same support [–1,1].
• Using the transformation in Eqs. (13) and (14) for obtaining two
new 1D quadrature rules for a disk

(i)
1
(j)

→

(i)
1

=

1

(j)

3.1.3. Ellipsoid and its parameterization
A random vector,  = (1 , ..., n ), is distributed uniformly in
ε(0 , ), which is a weighted l2 ball with a positive deﬁnite shaping
matrix, , and center 0 , if the density function can be expressed
as
 =



I=

Note that only 102 simulations (number of cubature nodes) were
sufﬁcient to obtain an accurate result I = 2.3563. The Gauss Legendre
quadrature was calculated using the OPQ suite [26]. On the other
hand, the MC method with the code given in [25] required 500,000
simulations for the same accuracy.

N−1

Consider a simple example taken from [25] to demonstrate the
parameterization method, where it is important to integrate

(i)

2 1

1
+
2

361

⎧
⎨

1
Vol(ε(0 , ))

⎩0

if ( − 0 )T −1 ( − 0 ) ≤ 1

(17)

otherwise

Parameterization algorithm:
• Compute a matrix P such that  = P T P.
• Assume that there is a vector  ∈ Rn distributed uniformly in a
unit ball, B
• A transformation,  = P + 0 , will result in a vector, , distributed uniformly in the ellipsoid ε(0 , )
3.2. Parameterization of a simplex
A simplex is a generalization of the notion of a triangle in 3 or
more dimensions. A simplex in N dimensions is deﬁned by N + 1
vertices 0 , . . ., N .
Suppose that N + 1 points 0 , . . ., N are independent. A simplex
Si(0 , . . ., N ) is a set of vectors in RN of the form
0 + C v

(18)

where C
is an invertible matrix with 
columns 1 − 0 , . . ., N − 0
and v =

(v1 , . . ., vn ) ∈ RN :

N


vi ≤ 1 .

i=1

Parameterization algorithm [27]:
• Let  = (1 , 2 , ..., N ) be a vector of the independent uniform
random components in [−1, 1]N .
• The following transformation will result in a vector, , distributed
uniformly in a simplex Si(0 , ..., N ):

1/2

(j)

2 → 2 = 2

• The two random variables x and y can be parameterized as

1 = (N v1 )1/N ((N − 1)v2 )

1/(N−1)

. . .(2vN−1 )1/2 vN

...

x(i) (1 , 2 ) = r v1 (i) sin(v2 (j) )
y(i) (1 , 2 )

= r v1

(i)

cos(v2

j = (N v1 )1/N

(j) )

N−j


((N − i)vi+1 )



1/(N−i)



i=1

N = (N v1 )1/N

• The 2D cubature and polynomial set are obtained by the tensorization of 1D sets.
• The coefﬁcients of gPC expansions are obtained using Eq. (7)



f˜ j =

Q


f (

(m)

)˚j (

(m)

)w

(m)

for j = 1, . . ., M

m=1

1 − ((N − 1)v2 )

1/(N−1)

1 − (j − 1)vN−j+2

1/(j−1)

,

j = 2, . . ., N − 1;


(19)

wherevj =

1
N−j+1

1


2 i

+

1
2



j = 1, . . ., N.

Remark. Despite there being several ways of transforming a
hypercube domain to a non-hypercube domain, not all of them are
suitable for the gPC method.

where M is deﬁned as Eq. (3), Q = q2
• The ﬁrst coefﬁcient is the mean of the function, f (x, y) = x2 + y2 −
2xy. The integral (16) is then obtained by multiplying the ﬁrst
coefﬁcients with .

4. Risk analysis and controller design
Apart from the controller design, the problem of determining
the probabilities that a certain system characteristic exceeds critical
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thresholds has signiﬁcant importance. The problem with determining the probabilities that a certain system characteristic exceeds a
critical value is known as risk analysis.
4.1. Risk analysis
Some notation and deﬁnitions from [4] are introduced for risk
analysis of a system.
Denote the set of uncertainty as B
In deterministic robustness, the main objective is to check if
a given system property is satisﬁed for all possible values of the
uncertainty. The satisfaction of a system property is given by the
performance function, f (), and a performance level, , so that the
inequality
f () < 

(20)

guarantees all possible cases of uncertainties  ∈ B
Denote the volume of the set of uncertainty by vol(B )
For probabilistic analysis two sets are introduced: good and bad
sets. These are a subset of B . They are constructed so that their
union is equivalent to the set of uncertainties and their intersection
is empty. The good set is deﬁned as BG = { ∈ B : f () ≤ }. The bad
set is deﬁned as BB = { ∈ B : f () > }.
In a probabilistic setting, the measure of robustness is given as
the relative volume of the good set BG = { ∈ B : f () ≤ }. In other
words, the volume of the good set needs to be sufﬁciently large, i.e.
the ratio

vol(BG )
vol(B )

(21)

is close to one.
The ratio given in Eq. (21) is called a performance degradation
function. This actually is the probability Pr{f () ≤ }, which can be
found by sampling the surrogate gPC model in Eq. (3) or directly
from the MC/QMC simulation.
4.2. Controller design
Because a fractional-order system can be considered as a generalization for classical integer-order systems [28–31], this section
provides a gPC based method for the fractional order controller
design with non-hypercube uncertainties.
Consider the closed loop control system in Fig. 1, where C(s) is
a PI D controller [29],
C(s) = Kp +

Ki
s

+ Kd s



(22)

and G(s) is a process with stochastic parametric uncertainty
G(s) =

bm sˇm + . . . + b0 sˇ0 −Ls
e
an s˛n + . . . + a0 s˛0

(23)

where ai , bj , L are random variables with given distributions with
a non-hypercube domain.
4.2.1. Mean–variance optimization
The PI D controller’s parameters are obtained by optimizing
the cost function,



min

J=

Kp,Ki,Kd,,

min
Kp,Ki,Kd,,

T



Me (t) dt

(24)

0

subject to a constraint on the variance of the output
max Dy (t) ≤ Dmax

0≤t≤T

(25)

where M and D denote the mean and variance of the signal, respectively.

Fig. 2. Generation of 2000 uniform samples in the simplex for case 1. For the design
with a cube uncertainty, a cube was used to bound the simplex.

A large variance of the system output indicates a large deviation from the nominal response under parametric uncertainties
because the variance is a measure of the variability of a random process, which can lead to either very sluggish or oscillatory responses.
The upper bound, Dmax , of the variance of the system output can
be considered the maximum allowable sensitivity of the system
response to the parametric uncertainties. Therefore, adjusting Dmax
allows trade-off between the robustness of the response to uncertainty and the response speed. The mean error can be viewed as
the weighted averaged multi-model error.
Remark. The performance objective function in the frequency
domain can also be used.
4.2.2. Design with probabilistically guaranteed robustness
The goal of this approach is to ensure a given probability p of the
stability of a control system. For this purpose, the constraint (25) is
replaced with Pr{max(zi ) < 0}≥p, where zi are closed loop poles.
5. Examples
The performance of the proposed method for probabilistic analysis and controller design was evaluated using case studies.
5.1. Example 1: probabilistic analysis of FOPDT system
In this example, a ﬁrst order plus dead-time (FOPDT) system,
which is one of most representative and popular models in process control [32,33], was considered with a PID controller designed
based on a two dimensional cube uncertainty [17],
G(s) =

K
e−Ls ,
Ts + 1

C0(s) = 0.989 +

1.104
+ 0.007s
s

(26)

Assume that K, T and L are distributed uniformly inside a simplex
deﬁned using the following four vertices:
0 = [0.5; 0.5; 0];

1 = [0.5; 1.5; 0];

3 = [0.5; 0.5; 0.5]

2 = [1.5; 0.5; 0];
(27)

A parameterization algorithm, as reported in Section 3,
was applied to transform the simplex into a hypercube,
[1 , 2 , 3 ] ∈ [−1, 1]3 . Fig. 2 shows 2000 samples of a real 3 dimensional vector of K, L, T distributed uniformly inside the simplex.
The proposed approach was compared with the QMC method
for predicting the output mean and variance for a step reference input (Fig. 3). An analytical representation of the output was
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Fig. 3. Statistical characteristics (mean and variance) in Example 1.

Fig. 5. Absolute errors of the means and variances for Example 1.
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P (t) =
then obtained effectively in terms of  = (1 , 2 , 3 ), as ỹN

Fig. 6. Absolute errors of the means and variances (Fig. 5) with zoom into the interval
[0, 2] s.

M



y˜ j (t)˚j (). The probability density function of the output can be

j=1

obtained by simple sampling of this analytical representation. Note
that in the QMC method, it is important to simulate the dynamic
given in Eq. (26) one thousand times at the sampling points to
obtain the required probability density, whereas in the gPC method,
only a small number of cubature nodes are needed to obtain the
surrogate representation. For a system with a smooth response,
exponential convergence is expected for the gPC method. This fast
convergence property of the gPC is also reported in reference [9]
and the references therein. Fig. 4 compares the density function
of the output at 0.62 s, where the peak variance occurs, obtained
using the gPC and QMC methods. The gPC surrogate model is a
time dependent model, and can be sampled at any time moment
for the density functions of the system output. The performance of
different methods was compared for case 1 in terms of the absolute
errors of the means and variances as follows:





εM = MY − MY 20,000 





εD = DY − DY 20,000 

(28)

where MY20,000 and DY20,000 denote the mean and variance of the
reference solution of the Monte-Carlo method with 20,000 simulations, respectively. In the gPC method, the number of curvature
nodes used to estimate the gPC coefﬁcients plays the same role

as the computational complexity (number of simulation) in the
QMC method. Figs. 5 and 6 show the absolute error of the QMC
and proposed methods.
From Fig. 5, the degradation in the performance of gPC can be
observed at the beginning of the transient, where the time delay
creates discontinuity in the system output. On the other hand,
the response quickly becomes smooth, and the overall accuracy
recovers within a short time. Fig. 5 shows that the QMC method
with a lack of samples also suffers from the same problem. The
gPC method provides the best results when peak variance occurs.
Despite the degradation due to a discontinuity in the beginning, the
error of the gPC method in the beginning is still acceptable.
Table 1 lists the computation times needed to obtain the statistical characteristics and simulation parameters using both methods.
The proposed gPC based method is much more computationally
efﬁcient than the QMC method, whereas the generated probabilistic characteristics from both methods are similar. This shows that
the gPC can provide similar accuracy with far less computational
effort than the QMC method.
Suppose that this simplex type of uncertainty is changed to
a hypercube uncertainty (or an interval type of uncertainty), as
shown in Fig. 2. Fig. 7 shows the mean and variance. If the actual
uncertainty is a hypercube, the variance of the system output will
increase signiﬁcantly, as expected.
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Table 1
Simulation parameters and time proﬁles for obtaining the probabilistic characteristics of the system for the gPC and the Quasi Monte-Carlo (QMC) method in Examples 1, 2
and 3.
Example

Simulation parameters

1
2
3

Computation time

QMC (Halton sampling)

gPC

QMC (Halton sampling)

gPC

20,000 samples
10,000 samples
20,000 × 26 samples

275 cubature points
100 cubature points
26 × 100 cubature points

1426.45 s
812.9 s
28.71

6.13 s
4.77 s
3.26 s

Remark. The controller C0 is a somewhat lofty design (it is not
designed by considering these actual uncertainties) and it is only
used for probabilistic performance analysis.
5.2. Example 2: probabilistic analysis of fractional order system
In this example, the H2 performance of an uncertain fractional
order system was studied. The following fractional order was considered with the closed loop conﬁguration in Fig. 1.
G(s) =

b
;
as1.1 + 1

C(s) = 1

(29)

using the QMC and proposed method. Table 1 lists the computation
times needed to obtain the statistical characteristics and simulation
parameters using both methods.
For comparison purposes, Fig. 10 shows the density function
of the closed loop system norm with the rectangle uncertainty.
When using the rectangle uncertainty, the H2 norm of the closed
loop system increased by approximately 10% due to conservative
design. From this example, the computational load for the probabilistic analysis of fractional order system was excessive. Therefore,
the proposed method becomes more attractive in the probabilistic
analysis and design of a fractional order system with a moderate
number of uncertainties.

where  = [a, b] is a random vector distributed uniformly inside
the ellipsoid, ε(0 , ), where 0 = [0.85 2.6]T
=

!

0.1

0

0

0.2

(30)

My(t)

This model can be found in the Cole–Cole model [34–36], which
provides a parameter of the fractional order, ˛, which improves the
ﬁt between dielectric theory and dispersion data [36]. A parameterization algorithm, as shown in Section 3, was applied to transform
this ellipsoid into a hypercube [1 , 2 ] ∈ [−1, 1]2 . Fig. 8 shows 2000
samples of a real 2 dimensional vector of a and b distributed uniformly inside this ellipse. Fig. 8 also shows a rectangle used to
contain this ellipse as a hypercube domain. The gPC surrogate
model of a closed loop system norm was constructed using 100
cubature nodes. This effective analytical gPC model was sampled
with 10,000 samples without a simulation effort or computational
burden. For the QMC method, 10,000 samples were ﬁrst generated and distributed uniformly in the ellipse. The H2 norms of the
sampled closed loop system were evaluated and post-processed to
obtain the density. The computational burden of the QMC method
comes from the repetition of calculating the H2 norms. The H2
norm was calculated using the CRONE toolbox [37]. Fig. 9 shows
the density functions of the closed loop system norm obtained

Fig. 8. Generation of 2000 uniform samples in the ellipse deﬁned by Eq. (24).
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Fig. 7. Comparison of the statistical characteristics (means and variances) in Example 1 for a cube uncertainty and simplex uncertainty.
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Fig. 9. Density function of the closed loop system H2 norm for Example 2.
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Fig. 11. Performance degradation function for Example 3 with rectangle uncertainty
and its absolute error using the proposed and QMC method.
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Fig. 10. Density functions of the closed loop system H2 norm for Example 2 with a
rectangle over-bounding compared to an original ellipse uncertainty.
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This example consider the stability of a 4th order integer order
system with a closed-loop characteristic equation of
2

3

p(s, q)=2 + q1 +q2 +(5 + q1 +3q2 )s + (6 + 3q2 )s + (4 + q2 )s + s

4

(31)

degrad( )

5.3. Example 3: probabilistic robustness of uncertain systems

0.85
0.8
0.75

Rectangle uncertainty (gPC)
Disk uncertainty (gPC)
Disk uncertainty (QMC)

0.7
0.65

where q = (q1 , q2 ) is distributed uniformly inside a rectangle with
radius 
Bq =

"

q ∈ R2 : q

∞

≤

#

⎧ 2
4
⎪
⎪
⎨2
3

⎪
⎪
⎩3

2

7
9
− ˛()3
24
2

16
3

if 1 ≤  ≤ 1.5
if 1.5 ≤  ≤ 3

(33)

$

where ˛() = 1/3 (2 + 2). The performance degradation function can then be obtained as:
degrad() =

Vol(BG ())
Vol(Bq ())

1.5

2

2.5

3

Fig. 12. Performance degradation function for Example 3 with Disk (Ellipsoid)
uncertainty.

The deterministic robustness margin is r = 1. By ﬁxing the probability of stability to 0.95, the probabilistic stability radius is r0.95 =
1.25.
Consider the uncertainty distributed uniformly in the circle
Bq D =

if  ≤ 1

3 − 32 − (˛() − 13) − ˛() −
2 + 4 +

1

(32)

Here, the performance function is the maximum real part of the
zeros of the characteristic Eq. (31).
In this case, the uncertainty is uniform in a hypercube. Therefore,
the Legendre polynomial chaos can be used directly to obtain the
performance degradation function.
The volume of good set can be computed analytically as a function of the uncertainty radius [4]:

Vol(BG ()) =

"

0.5

(34)

This function is depicted graphically in Fig. 11.
The performance degradation curve for a range of uncertainty
radii [0.5, 3] is constructed by choosing a set of equally space grid
points, 0.5 = 1 < 2 < . . . < 26 = 3, and for every grid point,
performing 20,000 independent identically distributed Quasi
Monte Carlo simulations. In other words, Equation (31) needs to
be solved 26 × 20,000 times.
The performance degradation was calculated by the proposed
method with Legendre chaos of order 10. In other words, Eq. (31)
only needs to be solved 100 × 26 times, and the 26 surrogate models
are sampled with 20,000 samples. Fig. 11 and Table 1 show that
the error by the gPC method is similar to the QMC method with
signiﬁcantly less computational time.

"

q ∈ R2 : q

2

≤

#

(35)

The gPC method is used to construct the performance degradation function with respect to this uncertainty set in a simlar
manner to the rectangle case. The performance degradation function is depicted in Fig. 12. For comparison, the degradation function
with respect to the rectangle uncertainty is also shown in the Figure. The result by the QMC method is also shown for validation
purpose.
By ﬁxing the probability of stability to 0.95, the probabilistic
stability radius in the case is now r0.95 D = 1.45, as expected, which
is larger than the stability radius for the uncertainty of a rectangle.
5.4. Example 4: probabilistic robust controller design
From previous examples, the gPC method was more suitable
for controller design by numerical optimization owing to its low
computational load. In this example, a robust PI D controller was
designed for a FOPDT system. Assume that the uncertainties can
be modeled using a simplex in example 1. The controller parameters can be obtained by minimizing the objective functions as
follows:


min

J=

Kp,Ki,Kd,,

min
Kp,Ki,Kd,,

0

T



Me (t) dt

(36)
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6. Conclusions

Fig. 13. Statistical characteristics (mean and variance) for a simplex uncertainty in
Example 3: C1 is designed based on the simplex uncertainty assumption, whereas
C2 based on a cube uncertainty assumption.

subject
put

to

a

constraint

max Dy (t) ≤ 0.015

0≤t≤T

on

the

variance

of

the

out-

(37)

The resulting parameters of the controller were C1 : Kp =
1.153; Ki = 2.12; Kd = 0.084;  = 1;  = 1.142. Fig. 13 shows the
mean and variance of the system with this controller. The algorithm
in reference [17] was applied when a cube was used to over bound
the simplex, as shown in Fig. 2. The results of the controller were C2 :
Kp = 0.624; Ki = 0.618; Kd = 0.15;  = 1;  = 0.8241. Fig. 13 also
shows the mean and variance of the system with the controller
C2 and simplex uncertainty.
As expected, the controller design when the cube uncertainty
was used was much more sluggish than that based on the simplex
uncertainty. For comparison, Fig. 14 shows the bounded regions
obtained from 2000 possible responses, when the system was controlled by C1 and C2 with the simplex uncertainties. Fig. 14 shows
that the controller based on the cube or interval uncertainty provides sluggish responses due to the conservative design.

Fig. 14. Bounded region obtained from 2000 possible responses of the uncertain
FOPDT systems with simplex uncertainty.

A gPC based method was proposed to examine the probabilistic
behavior of systems subjected to random parametric uncertainties distributed uniformly on a non-hypercube domain. This was
achieved by proper parameterization of the gPC framework from
the hypercube domain. The numerical results of the well-known
Quasi Monte Carlo model were used to compare the accuracy and
computational efﬁciency of the proposed method. The proposed
method was more suitable for the controller design than the QMC
method. With different assumptions of the distribution of uncertainties, the optimal controller parameters were calculated using
a nonlinear optimization. To avoid an over-conservative design, a
suitable uncertainty domain, which expresses the actual type of
uncertainty and might not belong to a simple hypercube or interval type, should be considered. On the other hand, the gPC method
is suggested only when the number of random parameters is low,
e.g. <5 [9]. For higher dimensions, the gPC method with the proper
use of a sparse grid should be considered [38], which will be an
interesting topic for future studies. Moreover, the idea of shaping
the output distribution [39] will be another interesting topic for
future research.
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