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a b s t r a c t
The practical quantiﬁcation of a model’s ability to describe information is extremely important for the practical
estimation of model parameters. Hence, in this study, a complex sweet natural gas refrigeration chemical process
was selected for uncertainty quantiﬁcation (UQ) and sensitivity analysis (SA). A computer code was generated
to create a hybrid digital simulation system (HDSS) to connect two commercially important software programs,
namely Matlab and Aspen Hysys. Monte Carlo (MC) and Halton based quasi-MC (QMC) methods were used for
uncertainty propagation (UP) and uncertainty quantiﬁcation (UQ). A surrogate model based on the polynomial
chaos expansions (PCE) approach was applied for SA. Sobol′ sensitivity indices were evaluated to identify inﬂuential input parameters. The proposed PCE methodology was compared with a traditional MC based approach to
illustrate its advantages in terms of computational eﬃciency and acceptable accuracy. The results indicated that
UQ and SA help in an in-depth understanding of the chemical process determining the feasibility and improving
the operation based on reliability and consumer demands. This study used in the robust design by evaluating the
bounds and reliability based on conﬁdence levels and thereby increasing the reliance of the process at hand.
© 2017 Elsevier Ltd. All rights reserved.

1. Introduction
State-of-the-art process modeling has moved well beyond traditional
“material and energy accounting” exercises of steady-state ﬂow sheeting applications, and its pace may further increase in the future [1].
This is because of the phenomenal increase in computational power for
solving complex mathematical models/problems over the last decade
accompanied by a reduction in computing costs. Thus, researchers can
now model heavy chemical plants virtually using simulation software
employing complex models [2].
The link between real data and a mathematical model in every modeling task is deﬁned by a set of parameters [3]. For example, rigorous
chemical process simulation in any source model is generally performed
under a deterministic/ﬁxed input parameters setting using commercially available chemical engineering simulation software [4,5]. However, the process input parameters, in reality, exhibit large or slight deviations from the mean/nominal value. The phenomena of parameter
deviations from a mean/speciﬁc value are unavoidable since it signiﬁcantly aﬀects the quality, safety, and reliability of economic decisions

∗

and environmental standards [4–6]. Furthermore, a comparison with a
diﬀerent model is required and essential when there is no prior information on the type and number of the uncertainty-causing source. Hence,
a sensitivity analysis (SA) of parameters with uncertainty propagation
(UP) in the model and uncertainty quantiﬁcation (UQ) before the design
state of the process is very important.
Approaches, such as UQ and SA, are widely employed in basic sciences like physics, chemistry, medicine, ﬁnancial applications, risk analysis, and engineering [3,7,8]. The UQ approach attempts to locate possible bound outcomes if certain aspects of the system are not precisely
identiﬁed. It helps in decision making, identifying the conﬁdence level
in an outcome, and forms the basis for functions including certiﬁcation
of high-consequence decisions, validation, and robust design. However,
the ﬁnal goal of SA involves recognizing the eﬀect of the variability
in inputs on the variability of the output, and thereby determining important parameters and additionally evaluating the contribution of the
variability interactions [9]. The SA approach reduces the parameters for
a model with a high dimensional model representation (HDMR), thereby
simplifying the model by ﬁxing its nominal value if the model output is
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reliability and understanding the feasibility of the uncertain process.
Areas for future research are identiﬁed in the Section 6.
2. Sensitivity analysis based on variance
A variance based approach involved quantifying the contribution of
input parameters to the total variance of the output. Let 𝑦 = 𝑓 (𝑋) be the
function hence, y denotes the output and 𝑋 = (𝑥1 , 𝑥2 , ..., 𝑥𝑛 ) denotes the
input n number of parameters.
A sensitivity analysis involved determining the reduction in the
amount of variance if one or more input parameters are ﬁxed. For example, in the case of a single input factor, it was necessary to determine
the conditional variance of y, given that 𝑥𝑖 = 𝑥𝑖 , var {𝑦|𝑥𝑖 }. Since the true
value of 𝑥𝑖 is not known a priori, it was only possible to calculate the
variance of the conditional expectation E[y|xi ] for all possible xi . Variance, typically shown as Di , is a measure of the importance of an input
factor, denoted by xi , on the variance of the output, i.e. the sensitivity
of y to xi . The unconditional variance of y is used to normalize Di by the
quantity obtained as follows:
{ [
]}
var 𝐸 𝑦|𝑥𝑖
𝑆𝑖 =
(1)
var {𝑦}

Fig. 1. The conceptual diﬀerence between SA and UQ.

insensitive to an input parameter [10–12]. Fig. 1 gives an overview of
SA and UQ approaches based on the model outcomes [13]. It illustrates
the impact of both input data sensitivity and input data uncertainty on
model output uncertainty. For a certain input parameter the uncertainty
quantiles ranging from 5 to 95% depending upon the type of distribution of the output (wide or narrow) parameter uncertainty. The model
can be highly sensitive towards that parameter if the distribution is wide
and vice versa.
Increase in uncertainty can be attributed to the increased complexity and size of process models that pose constant challenges in today’s
research environment. The variation of input conditions in the chemical
process plant is an important challenge in performing UQ. There are a
limited number of studies on chemical engineering processing plant operations under uncertain conditions to quantify reliability [14–16], and
especially on using a hybrid environment involving the exchange of information between software [4,5]. However, in reality, the variations in
feed conditions, product requirements, operating conditions, and utility
ﬂows are highly uncertain and are considered as major issues by process
engineers. Hence, developing an eﬃcient method for model UQ and SA
for determining the reliability of model/process and robust optimization under uncertainty is an important research area in process system
engineering.
Aspen Hysys is a type of deterministic software and Matlab is a multipurpose software. Hence, a code was written in Matlab to exchange
information between the software thereby creating a hybrid digital simulation system (HDSS) environment. UP and its quantiﬁcation with SA
were simultaneously performed by exporting uncertainty to a complex
chemical process, rigorously model in Aspen Hysys, using a HDSS environment. Deterministic solvers in the Hysys model were applied to each
random parameter to obtain an ensemble of results, as shown in Fig. 2.
The UP was performed using probabilistic approaches, i.e., MC and QMC
methods. This was followed by a robust ANOVA based decomposition
approach to estimate relevant statistical properties and SA [17–19]. The
SA was performed in terms of Sobol′ sensitivity indices (SI) by directly
incorporating the uncertainties into the Hysys process model. A surrogate model was used in case of SA using polynomial chaos expansions
(PCE), and a comparison was performed using a MC-based approach
[20].
The study is structured as follows: Section 2 introduces diﬀerent
methods used in SA and presents Sobol′ indices with a brief approach
using MC, QMC, and PCE with methods of uncertainty analysis (UA).
Section 3 discusses uncertainty analysis and its propagation and software implementation in the process used in the study. Section 4 provides a case study describing the scope and postulation of the problem
and applying the process with respect to a real context and demands.
Section 5 explains the application of the results to measure and increase

Si denotes the ﬁrst order sensitivity index by Sobol′, and it is a measure of the main contribution of the input xi on the output variance by
neglecting the interactions of the remaining parameters [21]. Given that
the occurrence of the interaction between the input parameters, the total
eﬀect on the output variance exceeds the sum of their ﬁrst order eﬀects,
i.e., 𝑆𝑖 𝑗 ≥ 𝑆𝑖 + 𝑆𝑗 , and each index, denoted by Si , ranges between 0 and
1.
The output expected value E[y] can be evaluated by an ndimensional integral function as follows:
𝐸[𝑦] =

∫𝐼 𝑛

𝑓 (𝑋)𝑑𝑋

(2)

where, without a loss of generality, f⊆In , In denotes the unit hypercube
in n dimensions.
2.1. ANOVA representation
Variance based methods quantify the contribution of each parameter
to the total variance of the output. Given an integrable function f(X)
deﬁned in In , the function can be represented in the following form:
𝑓 (𝑋) = 𝑓0 +

𝑛
𝑛
∑
∑
𝑠=1 𝑖1 <⋯<𝑖𝑠

(
)
𝑓𝑖 1 ⋯𝑖 𝑠 𝑥𝑖 1 , ⋯ 𝑥𝑖 𝑠

(3)

where, the interior sum corresponds to the overall sets of s integers
𝑖1 , ⋅ ⋅ ⋅, 𝑖𝑠 , that satisﬁes 1 ≤ 𝑖1 < ⋅ ⋅ ⋅ < 𝑖𝑠 ≤ 𝑛. The relation in Eq. (3) can
also be written as follows:
∑
∑
𝑓 (𝑋) = 𝑓0 +
𝑓𝑖 (𝑥𝑖 )
𝑓𝑖𝑗 (𝑥𝑖 , 𝑥𝑗 ) + ⋯ + 𝑓12⋯𝑛 (𝑥1 , 𝑥2 , ... , 𝑥𝑛 )
(4)
𝑖=1

𝑖<𝑗

The total number of summands in Eq. (3) are 2n , and Eq. (4) is known
as a high-dimensional model representation (HDMR).
Eq. (3) can be deﬁned as an ANOVA HDMR [18], if the following
conditions are fulﬁlled:
1

∫0

𝑓𝑖1 ⋅⋅⋅𝑖𝑠 (𝑥𝑖1 , ..., 𝑥𝑖𝑠 )𝑑𝑥𝑘 = 0

∀𝑘 = 𝑖1 , ..., 𝑖𝑠 .

(5)

Eqs. (5) and (3) are orthogonal and can be expressed as integrals of
f(X).
Following the integration of Eq. (3) over In , the following expression
is obtained:
∫
104

𝑓 (𝑋 )𝑑 𝑋 = 𝑓0 ,
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Fig. 2. Uncertainty propagation and quantiﬁcation in chemical processes.

The following equation is obtained by integrating Eq. (3) over all
variables except xi :
∏
𝑓 (𝑋 )
𝑑 𝑥𝑘 = 𝑓0 + 𝑓𝑖 (𝑥𝑖 ),
∫

Sobol′ [19,22] provided a deﬁnition of the Sobol Global Sensitivity
Indices in the form of the ratios as given by the following expression:

and thus fi (xi ) is deﬁned.
Similarly, integrating Eq. (3) over all variables except xi and xj gives
the following expression:
∏
𝑓 (𝑋 )
𝑑 𝑥𝑘 = 𝑓0 + 𝑓𝑖 (𝑥𝑖 ) + 𝑓𝑗 (𝑥𝑗 ) + 𝑓𝑖𝑗 (𝑥𝑖 , 𝑥𝑗 ),
∫

It may be noted that SI are non-negative and their sum reaches a
maximum of 1.

𝑆𝑖1 ...𝑖𝑠 =

𝑘≠𝑖,𝑗

𝑛
∑

𝑘≠𝑖,𝑗

∫

𝑠

are termed as variances and the following expression:
𝐷=

∫

𝑓 2 (𝑥) − 𝑓02

𝑆𝛼 =

is introduced as the total variance.
Squaring Eq. (3) and integrating over In results in the following ex𝑛
𝑛
∑
∑
pression: 𝐷 =
𝐷𝑖1 ... 𝑖 .
If X denotes random points uniformly distributed in In , then f(X) and
all 𝑓𝑖1 ⋅⋅⋅𝑖𝑠 (𝑥𝑖1 , ... , 𝑥𝑖𝑠 ) are random variables with D and 𝐷𝑖1 ... 𝑖𝑠 as their
variances [3,19].

1

𝑓𝑖2 ...𝑖 𝑑 𝑥𝑖1 ⋅ ⋅ ⋅ 𝑑 𝑥𝑖𝑠
1

(6)

𝑠

and the total variance is given by:
𝐷=

1

∫0

𝑓 2 (𝑋 )𝑑 𝑋 − 𝑓02 =

𝑛 ∑
𝑛
∑
𝑠=1 𝑖1 <...𝑖𝑠

𝐷𝑖1 ...𝑖𝑠 .

𝑚
∑

∑

𝑠=1 (𝑖1 < ⋅⋅⋅ < 𝑖𝑠 )∈𝑀𝛼

𝑆𝑖1 ...𝑖𝑠

(9)

that consists of all 𝑆𝑖1 ...𝑖𝑠 such that at least one index ip ∈ M𝛼 , while the
remaining indices can belong to a complementary set of M𝛼 denoted
by M𝛽 . The total variance 𝑆𝛼𝑇 𝑜𝑡 represents the expected percentage of
variance that remains in the output if all the parameters except 𝛼 were
known.
It was derived that 0 ≤ 𝑆𝛼 ≤ 𝑆𝛼𝑇 𝑜𝑡 ≤ 1, and the amount 𝑆𝛼𝛽 = 𝑆𝛼𝑇 𝑜𝑡 −
𝑆𝛼 details the interaction between the input parameters i.e. 𝛼 and 𝛽.
Sobol′ approach remains the same even if it is assumed that the model
inputs {x1 , ..., xn } are independent random variables.
Table 1 heuristically classiﬁes the input parameters and represents
the indices in a modiﬁed form due to the complex chemical process
model [3,19].

Sobol′ uses an approach to calculate sensitivity indices based on the
ANOVA decomposition. This involves calculating the variances of the
terms in the ANOVA decomposition as follows:
∫0

(8)

𝑆𝛼𝑇 𝑜𝑡 = 𝑆 − 𝑆𝛽

2.2. Sobol′ sensitivity indices

𝐷𝑖1 ...𝑖𝑠 =

𝑆𝑖1 ...𝑖𝑠 = 1.

S𝛼 ; includes all partial variances 𝑆𝑖1 , 𝑆𝑖1 𝑖2 , ..., 𝑆𝑖1 ...𝑖𝑠 such that their
subsets of indices are (𝑖1 ⋅ ⋅ ⋅ 𝑖𝑠 ) ∈ 𝑀𝛼 .
2. The total sensitivity index deﬁned as:

𝑠

𝑠=1 𝑖1 < ⋅⋅⋅ <𝑖𝑠

𝐷

In order to enable a more precise understanding, assuming that S1
is the main eﬀect of x1 , S1 2 is a measure of interactions between x1
and x2 and so on. The ﬁrst order value of indices, denoted by Si , also
denotes the reduction in the expected percentage of variance obtained
when the ith parameter has no uncertainty [23,24]. These indices are
also equivalent to the Fourier amplitude, denoted by SI [25].
Given an arbitrary subset of variables, denoted by 𝛼 = {𝑥𝑖1 , ..., 𝑥𝑖𝑚 } ⊂
{𝑥1 , ..., 𝑥𝑛 } and the complementary set, denoted by 𝛽 = {𝑥1 , ..., 𝑥𝑛 }∖𝛼.
The set of indices i1 , ..., im is denoted by M𝛼 , whereas 𝑀𝛽 = {1, ..., 𝑛} ⧵
𝑀𝛼 . The following two types of sensitivity indices for the set 𝛼 are introduced:
1. The ﬁrst order indices for the set 𝛼

𝑓𝑖2 ...𝑖 𝑑 𝑥𝑖1 ⋅ ⋅ ⋅ 𝑑 𝑥𝑖𝑠
1

𝑛
∑

𝑠=1 𝑖1 < ⋅⋅⋅ < 𝑖𝑠

and thereby deﬁnes fi j (xi , xj ). All dimensional summands are deﬁned
until (𝑛 − 1) terms, and the last term 𝑓12 ⋅⋅⋅𝑛 (𝑥1 , 𝑥2 , ... , 𝑥𝑛 ) can be obtained
from Eq. (3).
From Eq. (5), it can be seen that all the summands in Eq. (3) are
orthogonal: if (i1 , ..., is ) ≠ (j1 , ..., jl ) then ∫ 𝑓𝑖1 ...𝑖𝑠 𝑓𝑗1 ...𝑗𝑙 𝑑𝑥 = 0.
Given that f(X) is square integrable, all the 𝑓𝑖1 ...𝑖𝑠 are also square
integrable. Therefore, the following constants:
𝐷𝑖1 ...𝑖𝑠 =

𝐷𝑖1 ...𝑖𝑠

(7)
105
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Table 1
Relevance of an input parameter from its global sensitivity index∗ .

2.4. Sensitivity analysis based on PCE approach: Surrogate modeling
Polynomial chaos expansion (PCE) is among the recent approaches
used in the stochastic simulation of processes. It is based on Wiener’s
theory of homogeneous chaos, and it approximates the dependence of
a process state or output on the process inputs and parameters through
expansion on an orthogonal polynomial basis. It is extensively applied
to ﬂuid and structural mechanics problems [27–29].
According to Wiener, a stochastic process can be represented by a
spectral expansion using orthogonal polynomials as follows:

Heuristic classiﬁcation of the input parameters based on SI
0.8 < 𝑆𝛼
0.6 < 𝑆𝛼
0.4 < 𝑆𝛼
0.2 < 𝑆𝛼
0.0 < 𝑆𝛼

< 𝑆𝛼𝑇 𝑜𝑡
< 𝑆𝛼𝑇 𝑜𝑡
< 𝑆𝛼𝑇 𝑜𝑡
< 𝑆𝛼𝑇 𝑜𝑡
< 𝑆𝛼𝑇 𝑜𝑡

≤1
≤ 0.8
≤ 0.6
≤ 0.4
≤ 0.2

Extremely important
Very important
Important
Less important
Unimportant

∗ Note: In Table 1, the values of SI signify the parameter’s importance. However, as
widely known, chemical processes are very complex models that include hundreds of
equations. The study also included parameters with SI ≥ 0.5.

𝑌 = 𝑓 (𝑋) ≈
2.3. Sensitivity analysis based on MC and QMC approaches

𝑗=0

1

𝑓 (𝑋 )𝑑 𝑋 = 𝐸 [𝑓 (𝑋 )]

𝑌̄ = [𝑓 (𝑋)] = 𝑓0 ,
𝑃∑
−1
𝜎𝑃 𝐶 =
𝑓𝑗2 𝐸 [Ψ2𝑗 (𝑋 )].

(10)

where, E[f(x)] denotes the mathematical expectation or mean value. An
approximation to this expectation is as follows:
𝑁
1 ∑
𝐸̂ [𝑓 (𝑋)] ≈
𝑓 (𝑥𝑖 )
𝑁 𝑖=1

(14)

In order to compute the SI based on the PCE decomposition, it is
necessary to derive the Sobol′ decomposition of Eq. (14) as discussed in
Section 2.2. Bruno Sudret provided a detailed theory on PCE-based SI
(2008) [30].
Following the decomposition, it is easy to derive sensitivity indices
from the above representation. These indices, are termed as PCE-based
Sobol′ indices, and are denoted by the following expression:
∑
𝑓 2 𝐸[Ψ2 ]∕𝜎𝑃 𝐶
𝑆𝑖1 ,...,𝑖𝑠 =

(11)

The total PCE-based SI is as follows:
∑
=
𝑆𝑖1 ,...,𝑖𝑠

𝑆𝑗𝑇 𝑜𝑡
1 ,...,𝑗𝑠

𝑁
1 ∑
𝑓 (𝜋1𝑘 ) → 𝑓0
𝑁 𝑘=1

𝑖1 ,...,𝑖𝑠

3. UA based on MC/QMC simulation approaches

𝑁
1 ∑ 2
𝑓 (𝜋1𝑘 ) → 𝐷 + 𝑓02
𝑁 𝑘=1

A random sampling of the input parameter distributions is performed
in the ‘standard’ MC approach. A large number of simulations are required to ensure the representation of the entire parameter range, and
this results in extensive computational costs with a convergence rate of
𝑂(𝑁 −1∕2 ) [31]. Hence, a good random number generator with enhanced
accuracy involving a lower number of simulations is required. Various
methods for eﬃcient sampling include stratiﬁed sampling such as Latin
hypercube sampling [32,33]. The two important methods chosen in this
study included MC and Halton based sampling.
Unfortunately, the MC method suﬀers from clustering. The phenomena of clustering associated with diﬀerent types of sampling methods
can be analyzed as shown in Fig. 3. As shown in Fig. 3, the Latin hypercube and Halton based sampling methods possess a high degree of
uniformity and low-discrepancy when compared with crude MC with a
convergence rate of 𝑂((log 𝑁)𝑘 𝑁 −1 ). This rate is lower than that of the
MC method [31]. As observed, the Halton sequence of sampling has a
lower degree of culturing and more uniformity in the distribution when
compared with the rest of the methods.

𝑁
1 ∑ 2
𝑓 (𝜋1𝑘 ).𝑓 (𝛼 (1𝑘) ; 𝛽 (2𝑘) ) → 𝐷𝛼 + 𝑓02
𝑁 𝑘=1

From Eq. (11), single sensitivity indices can be iteratively calculated
using the following formula:
∑
∑
𝐷𝑖1 ...𝑖𝑚 = 𝐷𝛼 −
𝐷𝛼−1 + ...(−1)𝑚−𝑟
𝐷𝛼−𝑟 + ...(−1)𝑚 𝑓02
(12)
𝛼−𝑟

where, the summations pertain to the permutations of the size (𝑚 − 𝑟) of
the indices contained in 𝛼.
The error in the estimation of D𝛼 with 50% conﬁdence as explained
by Homma and Saltelli [26] can be evaluated as follows:
√
𝐹 −1
Δ𝐷𝛼 = 0.6745
𝑁
where,
𝐼=

(13)

𝑗=0

where, xi denotes a sequence of random points in In of length N. The
approximated Eq. (11) converges to Eq. (10) with a probability 1 for
N → ∞.
Assuming two uniformly distributed but independent random points
In in, 𝜋1 = [𝛼 (1) ; 𝛽 (1) ] and 𝜋2 = [𝛼 (2) ; 𝛽 (2) ]. The model f(X) can be evaluated in the following two points: f(𝜋 1 ) and 𝑓 (𝛼 (1) ; 𝛽 (2) ). Using the squareintegrability of f(X) for N independent trials at N → ∞ results in the following expressions:

𝛼−1

𝑓𝑗 𝜓𝑗 (𝑋)

where, X denotes a vector of standard normal random variables, Ψj denotes the Hermite polynomial of order j, and fj denotes the corresponding deterministic coeﬃcient that should be calculated from a limited
number of model simulations.
Given the orthogonality, the mean and variance of the response are
as follow:

The applicability of the Sobol′ GSA is related to the possibility of
computing the multi-dimensional integrals discussed in Section 2.2. The
MC quadrature formula based on the probabilistic interpretation of an
integral for a random variable uniformly distributed in In (n-dimensional
unit hypercube) is as follows:
∫0

𝑃∑
−1

𝑁
1 ∑
𝑓 (𝜋1𝑘 ).𝑓 (𝛼 (1𝑘) ; 𝛽 (2𝑘) )
𝑁 𝑘=1

3.1. Uncertainty propagation

and
𝐹 =

Standard MC or any quasi-MC (QMC) approach considers a function
of the following form:

𝑁
1 ∑ 2
𝑓 (𝜋1𝑘 ).𝑓 2 (𝛼 (1𝑘) ; 𝛽 (2𝑘) )
𝑁 𝑘=1

𝑌 = 𝑓 (𝑋 ),

The error associated with a single 𝐷𝑖1 ...𝑖𝑚 that follows the relation in
Eq. (12) corresponds to a linear combination of the terms in ΔD𝛼 .

A general procedure involves the following steps:
106
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Fig. 3. The degree of clustering and uniformity in the distribution of samples in MC and QMC approaches.

Fig. 4. Hybrid digital simulation system (HDSS): Connecting Matlab and Hysys environment.

i. Deﬁning the input parameter space by deﬁning the range and the
probability distribution of each input parameter (based on corresponding engineering estimates).
ii. Generating a sample value for each of the n input variables either
randomly or using structured sampling techniques such as stratiﬁed
sampling, Latin hypercube sampling, and Halton sequence set. This
involves the following expression:
[
]
𝑋𝑗 = 𝑥𝑗1 , 𝑥𝑗2 , .... 𝑥𝑗𝑛

iv. Repeating steps (ii) and (iii) to generate a distribution for the output
metric. The probability distribution of the output metric can then
be determined, and various statistics such as the estimated expecta√
tion, denoted as 𝜇, or variance, denoted as 𝜎, can be calculated as
follow:
𝜇=

𝑁
1 ∑ ( )
𝑓 𝑋𝑗
𝑁 𝑗=1

(17)

(16)

iii. Evaluating the output response from a system model considering the
values obtained from the input parameter set, denoted by Xj .

𝜎2 =
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𝑁
)2
1 ∑( ( )
𝑓 𝑋𝑗 − 𝜇 .
𝑁 𝑗=1

(18)
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sults were processed in terms of mean values, lower and upper bounds
and failure probability or reliability from the PDFs and CDFs of the respective uncertain objectives.
Fig. 5 shows the logic ﬂow diagram analyzing global sensitivity and
uncertainty analysis. The routine accepts the function as an input parameter and returns the vector of uncertainty and sensitivity indices for
all the input parameters.
4. Case study: Aspen Hysys-natural gas refrigeration process
A schematic PFD of the plant is shown in Fig. 6. A sweet and dehydrated feed gas stream with a range of hydrocarbons (HCs) was sent to
an inlet gas separator (InletGasSep) to remove associated liquid heavy
HCs. The top product of the inlet separator (SepVap) was sent to a
low-temperature separator (LTSep) through a chiller to remove traces
of heavy HCs. The bottom liquid product of both the separators (i.e.,
SepLiq + LTSLiq) containing heavy HCs removed from the rich gas were
mixed and processed in a de-ethanizer (NGL recovery unit) to produce
the other intermediate products. The top gaseous product from the LTSep was sent to the compressor and compressed at high pressure. It was
necessary for the lean dry gas sales gas directed to the pipeline to meet
pipeline transportation standards of dew point temperature and pressure
in addition to client/consumer speciﬁcations.
The feed conditions and product speciﬁcations are depicted in
Table 2. From the viewpoint of a process engineer, measurable properties including feed conditions, such as temperature, pressure, and ﬂow
rate, can always lead to changes in the operation of the plant. If any
deviation is found in a parameter from their nominal values, then it
naturally aﬀects plant performance, that in turn may ultimately aﬀect
client speciﬁcations.
The input mean/nominal values with the respective standard deviations are shown in Table 3. All other process inputs parameters (such
as the vessel volume, heat duty, and pressure) were ﬁxed/speciﬁed in
the simulation. Since these changes were inherent, it would be eventually essential to factor these changes to ensure the smooth operation of the plant to meet production quality and demand requirements.
Hence, rigorous qualitative and quantitative analyses of the process are
equally important to obtain a desirable range of speciﬁcations by limiting/minimizing the deviation.
The next step after processing the gas stream involved successfully
transporting the gas stream to meet client demand. The distance between the production plant and the client may vary from a few miles to
hundreds of miles. Generally, the pipeline is a savvy and crucial method
to ensure a consistent supply of natural gas. Two major problems occur
in the transportation. The ﬁrst problem involves the phase change when

Fig. 5. Logic ﬂow diagram to analyze the SA and UQ of a model.

3.2. Matlab and Aspen Hysys implementation
A HDSS system was created by generating a code for a hybrid environment using Matlab and Aspen Hysys as shown in Fig. 4. The builtin function ‘feval’ present in the Matlab was used for using Matlab
as an ActiveX/COM controller for Aspen Hysys software. This function can be represented for instance as ‘connect = feval(‘actxserver’,
‘Hysys.Application’)’. Using this code the Aspen Hysys ﬂow sheet can
be connected and the values can be exchanged between the two software seamlessly.
MC and Halton based sampling were applied to generate independent/uncorrelated normally distributed uncertain parameters in a Matlab environment using mean and standard deviation. These uncertain
parameters were exported as input conditions of the chemical process
in an Aspen Hysys environment via HDSS. In order to quantify the
uncertainty deterministic solvers present in the Aspen Hysys software
were used. In response to each input, this generated uncertain output is
termed as objectives of interest.
These uncertainties in the values of the key parameters ultimately
have a direct or indirect eﬀect on the process outputs. Hence, the impact of the uncertainties on the four objectives was monitored in the
UQ step by importing the responses into Matlab environment. The re-

Fig. 6. Natural gas refrigeration process ﬂow diagram.
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Table 2
Simulation basis: Feed conditions and product speciﬁcations.
Stream Properties

Feed

Product/Sales natural gas current product value

Temperature (°C)
Pressure (psia)
Mass ﬂow rate (kg/h)
Thermodynamic Property package

15.0
700.0
29,890.0
Peng–Robinson

−24.18
694.90
24,590.0
NHV 1059.10 (Btu/scf)

Components
N2
H2S
CO2
C1
C2
C3
i-C4
n-C4
i-C5
n-C5
C6
H2 O

Composition (molar basis)
0.0066
0.0003
0.0003
0.7575
0.1709
0.0413
0.0068
0.0101
0.0028
0.0027
0.0006
0.0000

Composition (molar basis)
0.0073
0.0003
0.0003
0.8091
0.1515
0.0250
0.0026
0.0031
0.0005
0.0003
0.0000
0.0000

Table 3
Uncertain inlet parameters with mean and standard deviation.
Stream properties

Feed mean value
(𝜇)

Standard deviation
(3% of μ)

Temperature (°C)
Pressure (psia)
Total mass ﬂow rate (kg/h)
C1
C2
C3
C4
Heavy HCs (Imp/C5+)

15.0
700.0

0.45
21.0

17,501.4
7401.0
2623.0
1415.0
946.0

525.0
222.0
78.7
42. 5
28.4

both the ends. If a richer gas “type B” is transported through the pipeline,
it will show a single-phase condition at the inlet. However, after traveling to a certain distance, the pressure and temperature conditions of the
gas change, and the gas comes into the two-phase region. In contrast,
the third case involves a “type C gas” or a wetter gas that may encounter
two-phase conditions at both ends of the pipeline.
In the natural gas stream, a change in pressure and temperature may
result in a liquid phase from the partial condensation of the gaseous
medium. This is called retrograde phenomenon and is typically found in
multicomponent hydrocarbon systems. The same phenomenon can also
cause the vaporization of the liquid phase such that it re-enters the gas
phase. The measure of heavies in the stream determines the degree of the
retrograde conduct and liquid appearance. It makes the phase behavior
(P-V-T information) of the gas more critically important for all design
stages such as pipeline design, gas stockpiling, and gas estimation.
Important variables that may inﬂuence the design of gas pipelines include the projected/anticipated volumes to be transported, the required
conveyance pressure (at the client/purchaser end), the evaluated losses
due to friction, and the elevation changes. The utilization of compressor
stations is necessary to overcome such losses.
The general equation for a single-phase gas pipeline ﬂow in steady
state is as follows:
√
( ) √
𝑑 5 (𝑝21 − 𝑝22 )
𝑇𝑏
1
𝐺=𝑐
𝐸
(19)
𝑝𝑏
𝑓𝑓
𝑔⋅𝐿⋅𝑇 ⋅𝑍
wherein the symbols correspond to the following:
E
c
Tb
pb
ff
d
p1 / p2
g
G
L
T
Z

Fig. 7. Pipeline operational curve and transported gas phase envelope.

transporting the gas by using the pipeline. The second problem involves
the formation of the gas hydrates. These problems are brieﬂy discussed
in the following sections of the study.

pipeline eﬃciency factor (fraction)
constant
base absolute temperature
base absolute pressure
Fanning friction factor
pipe internal diameter
inlet/outlet pressure
acceleration due to gravity
volume gas ﬂow rate
the length of line
absolute temperature of ﬂowing gas
compressibility factor

–
38.77
o
R
psia
–
inch
Psia
32.174 feet/s2
feet3 /s
feet
o
R
–

When a pipeline is designed, it has a ﬁxed operational region, and a
permitted bound of operational conditions (pressure and temperature)
exists within the pipeline. The pressure and temperature conditions of
the operational region are ﬁxed by the contractual agreement.

4.1. Modeling of natural gas pipeline
Natural gas pipeline design involves two cases, namely the design
of pipelines for transporting customary dry gas and/or the design of
pipelines for transporting a wetter gas. Fig. 7 demonstrates a P-T diagram termed as the operational curve for a given pipeline. If a pipeline
handles a dry “type A gas,” then the gas will remain as single-phase at

4.2. The hydrate formation problem
Natural gas hydrates include solid crystalline compounds of snow
formed when normal gas components, such as methane, ethane,
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24,586.2
27,263.8
21,571.6
18.3
766.8
826.1
700.6
46.1
−15.9
−12.5
−19.7
6.89
1059.0

6.90
7.00
1059.1
1059.0

1047.0
210.4∗
1k

1072.2
1068.9
1046.0
1047.1

upper
lower

1068.5

26.9
26.7
24,608.2
24,590.3
upper

28,360.5
27,372.6
21,268.6
21,533.9

lower
upper
lower

695.8
701.6
45.6
45.6
−11.9
−12.6

upper

−15.9
−15.9

Mean 𝜇
(T)
Mean 𝜇
(NHV)
Bound

2548.4
269.9

Run time(s)
Simulation/
samples
Method/
approach

Table 5
Statistical properties of the objectives.

Obj.1 Net heating value (Btu/scf)

Failure
Probability (%)
Pr [𝑁 𝐻 𝑉 ≤ 1050]

In the natural gas refrigeration process, process engineers typically
focus on some important objectives to optimally and continuously produce consumer demand from an existing plant as shown in Table 4. However, if some parameters or input conditions are susceptible to change or
vary continuously from their mean value, then is very important for the
engineers to possess an excellent in-depth understanding of the process
and its parameters subjected to uncertain conditions.
It is assumed that the problem of oversized plants is comparable to
that of robust design. For example, the oversizing of chiller systems can
result in high capital costs, high operation costs, and increased maintenance problems over the life span of a plant when compared to robust design. Given the inevitable uncertainty of input parameters as
explained previously, designers tend to select a design cooling capacity that exceeds the peak duty (e.g., by multiplying a safety factor) in
order to fulﬁll the cooling demand for safety requirements [34]. Similarly, additional design safety factors were added to the compressor to
allow the changes in system load and to allow for unknown or unforeseen pressure drops and friction factors [35]. Additionally, an artiﬁcial
aging factor (for example, an extra 15%) was included to account for the
decrease in pipe diameter as deposits with respect to the inside surfaces
of the pipes and impurities ﬂowing with the gas increased. The problem
formulation was based on the client demand and the process feasibility
[34].
The methodology to deal the stochastic problem for UP with quantiﬁcation and SA was deﬁned in the light of the ﬁrst objective as given
below:

10k
1k

5.1. Problem statement

lower

5. Results & discussions

Bound

Obj.2 Temperature (°C) (Client end)

propane, isobutene, hydrogen sulﬁde, carbon dioxide, and nitrogen, involve vacant grid positions in the water structure. The presence of free
water is a key circumstance for hydrate formation. Hydrate formation
is not possible in the absence of free water in the processed gas.

841.7
827.5

768.3
768.0

18.6
18.9

Failure
Probability
(%)
Pr [𝑃 ≤ 750]
Mean
𝜇(P)
Failure
Probability (%)
Pr [𝑇 ≤ −16.0]

Bound

Obj.3 Pressure (kPa) (Client end)

Fig. 8. PDFs of gas NHV: A comparison of MC-based sampling approaches based on number of samples.

−20.4
−20.0

1050
−16.0
750.0
2.4 × 104

Mean 𝜇(G)

Client speciﬁcations

NHV (Btu/scf)
T (°C)
P (psia)
G (kg/h)

Bound

Units

Net heating value of sales gas
Temperature (client end)
Pressure (client end)
Sales gas production

Obj.4 Production (kg/h)

Uncertain objectives

Failure
Probability (%)
Pr [𝑇 ≤ 2.4 × 104 ]

Table 4
Uncertain objectives with speciﬁcations.

26.3
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Before SA
MC-based
QMC-Halton
based
After SA
QMC-Halton
based
∗ Note:
average time
for simulation
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Fig. 9. Probability and cumulative distributions for net heating value (NHV).

Fig. 10. Sobol′ sensitivity indices for gas NHV.

Fig. 11. PDF and CDF for NHV with 7 and 4 random inputs.
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Fig. 12. Probability and cumulative distributions for dew point temperature.

Fig. 13. Sobol′ sensitivity indices for dew point temperature.

Fig. 14. PDF and CDF with 7 and 5 random inputs.

5.2. First objective: Net heating value

objective, where k represents the multiplier for thousand. Fig. 8 shows
that the accuracy of the distribution increases with increases in the
number of samples and that the 10k MC simulation sample appeared
as the most suitable. This was followed by applying the Halton-based
approach in a similar manner, and 1000 samples were considered as a

The MC was considered as a base case to perform UP for the sample
set consisting of {100, 1k, 5k, 10k} random inputs in the Hysys environment to ﬁnd the simulation numbers for an optimal distribution of the
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Fig. 15. Probability and cumulative distributions for dew point pressure.

Fig. 16. Sobol′ sensitivity indices for dew point pressure.

Fig. 17. PDF and CDF with 7 and 1 random inputs.

suitable sample size to represent the objective relative to the MC. The
sample size was chosen in respect given the Chernoﬀ bound for accurate estimation of the probability [19,36]. Fig. 9 shows a comparison
of the results for the PDFs (9a) and CDFs (9b) for 10k samples for MC
and 1k samples in the case of the Halton-based approach. The ﬁndings
indicate that the Halton-based methods correspond to a high degree of

distribution and prediction in a lower number of the samples involving
a computation time that is 10 times lower than that of the MC based
methods.
In the next step, MC and polynomial chaos expansion (PCE)-based
approaches were used to perform the SA. Fig. 10 shows the Sobol′ Total
(10a) and First order (10b) SI, and both the qualitative and quantitative
113
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Fig. 18. P-T Envelope band diagram for sales gas.
Fig. 20. Pressure variation distribution (at the client end).

comparisons between MC and PCE-based SI were based on this. From
an engineering viewpoint, the PCE-based surrogate model conclusively
provided comparable results with only 1k simulations and saved approximately 90% of the machine computational eﬀort. Thus, the SA ﬁndings
indicated that T, C1, C2 and C3 were the most inﬂuential input variables
that led to the variations in the NHV of the gas.
Furthermore, the non-inﬂuential parameters were eliminated from
the category of uncertain inputs to verify SA results by accounting for
their nominal/mean values in the simulation. The results obtained were
superimposed with little or no deﬂection with the results obtained before the SA (i.e., 7 and 4 random inputs in the Hysys simulation) as
depicted in Fig. 11.
Another advantage of the SA is that if the problem is suﬃciently large
and has several uncertain parameters, then SA helps in eliminating noninﬂuential parameters that are unnecessarily used in the process/model
and helps in reducing the parameters used as uncertain variables in the
process/model, and it also reduces the computational time.
Based on the above explanation, Table 5 depicts the important statistical properties of the objectives, such as the bounds, mean values,
and failure probability, that were calculated and tabulated for both the
MC and Halton-based methods.
With respect to the reliability of obtaining the required heating value
of the gas, it could be observed that the maximum failure was approx-

imately 7%. Based on this value, the results indicated that NHV could
be achieved from the plant with high reliability.
It should be noted that in the discussion that follows, each objective
is presented in terms of a comparison involving 10k simulations with
the MC and 1k simulations with Halton.
5.3. Second and third objective: Temperature and pressure
The next uncertain objective involved the dew point requirement
(temperature and pressure) for the pipeline transportation as well as
the client demand. This involved dividing the process into two parts,
namely part I from the Feed-Inlet to the plant eﬄuent exiting from the
LTSep and part II from the LTS−Vap to the end of the transportation
pipeline/consumer end.
Process: Part I
A comparison between the MC and Halton-based sampling approaches is shown in Fig. 12 in the form of density distributions with
respect to the dew point temperature. This was followed by performing
SA to ﬁnd inﬂuential parameters as shown in Fig. 13. The SA indices
revealed that T, P, C2, C3, and C4 are the most important uncertain
parameters. Fig. 14(a) shows the before and after SA eﬀect using Halton approach for 1k simulations using 7 and 5 random inputs in the
Hysys simulator. The numerical values for the mean and the tempera-

Fig. 19. Temperature variation distribution (at the client end).
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Fig. 21. Probability and cumulative distribution for gas production.

Fig. 22. Sobol′ sensitivity indices for gas production.

ture bounds were approximately same for both the sampling approaches
irrespective of the peak height of PDF curve. Additionally, there was no
diﬀerence in the cumulative density (Fig. 14(b)) of the objective.
Similar results were obtained for the uncertain pressure objective
as shown in Figs. 15–17. Fig. 17 shows the pressure variation at the
plant site. The dew point conditions obtained from this part were
T = − 23.3367 °C and P = 760 psia. These conditions obtained from the
plant were suﬃcient to transport the gas.
Process: Part II
Next, to meet the consumer demands, more pressure was created by
the addition of a compressor in the inlet pipeline of the second part of
the process to transport the gas at the desired consumer speciﬁcation.
The pressure drop in the pipeline was set at 125 kPa, and the compressor duty was ﬁxed such that the consumer could obtain the minimum
speciﬁed pressure.
Fig. 18 shows the plot of bands of the P-T envelope of the dew point
variation of sales gas with respect to minimum and extreme variations of
temperature and pressure. The band of the temperature change lies approximately between − 28.5383 °C and − 20.1020 °C with a process dew
point temperature of − 23.3367 °C (part I). Following this, an analysis
at the client end was performed to verify the speciﬁcations. As shown
in Fig. 19, the pipeline transportation requirement (dry gas with no liquid droplet) was fulﬁlled because the changes in the temperature and
pressure conditions did not cross under the uncertainty. The required
temperature at the client end was − 16.0 °C, and this considerably exceeded the temperature at which the liquid drops occurred. Hence, a
gas with a temperature of − 16.0 °C could be achieved by the process.

Nevertheless, after UA, the results indicated that the failure probability
for this speciﬁcation was 45.6%. This implied that the reliability of the
plant to achieve was approximately 54.4%, which is low. In order to
increase the reliability, it is necessary to perform SA to provide the variables that aﬀect the temperature requirements. If the deviation in the
main aﬀecting variables could be reduced and kept near to its nominal
value if the environment conditions are neglected. It should be noted
that the same uncertain variables were also inﬂuential in this case too
(see Fig. 13). One of the option to maximize reliability by increasing the
chiller duty.
Similarly, the uncertain pressure objective results of variation at the
plant and the client end are shown in Fig. 20 in the form of density
curves after adding the compressor. The client required pressure was
750 psia and the maximum plant outlet pressure value was approximately 760 psia with a mean value of 695 psia (see red PDF curve). If
the same gas was transported to the client, then the pressure decreased
further after transportation through the pipeline because of pressure
drop of 125 kPa in the pipeline. Therefore, the pressure requirements
of the client could be achieved by installing a compressor. This further
increased the reliability (1 − failure probability) of the process (see Green
PDF curve). The reliability of the process after adding the compressor
was increased by approximately 80%.
5.4. Fourth objective: Sales gas production
Table 5 shows that the client requirement could be fulﬁlled with approximately 74% reliability for a gas supply rate of 2.4 × 104 kg/h as
shown in Fig. 21. The SA results as indicated in Fig. 22 that the inﬂuen115
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Fig. 23. PDF and CDF with 7 and 2 random inputs.

tial uncertain inputs that aﬀected the production rate were C1 and C2.
Fig. 23 proves the validity of the SA results and that both before and after
SA results superimpose each other. To further improved the production
reliabilities, C1 and C2 ﬂow rates could be controlled by adding the feed
streams containing high ﬂow rates of methane and ethane. However, it
was a mixture of gases that were based on the “gas well” composition.
Thus, if the stream of the high volume content of C1 and C2 could be
added to the input feed, the production could be improved with a high
reliability.

Further, the results can be used for the robust optimization of the
process that constitutes an important research area, and the following
key points were obtained.
•

•

•

6. Conclusions
•

This study considered a detailed case study of an engineering problem, and UP with UQ and SA was performed for the complex chemical
process rigorously modeled in Aspen Hysys. A comparison of the MC and
QMC (Halton) based approach is presented in the study. The study shows
that the Halton based approach reduced simulation time by approximately 90% while retaining good accuracy of the results. Four uncertain
objectives were considered for higher reliability of gas natural refrigeration plant with seven input uncertainties in the process parameters. The
eﬀect of uncertainty in the input uncertain parameters of feed inlet was
presented in the form of distribution curves by considering a hypothetical mean and standard deviation values. This was followed by analyzing
the objective for the speciﬁcations given by the client/consumer. The
results indicated that in some cases, the failure probability was very
high and it could deviate at any time from the speciﬁcations. In order to draw the plant operation close to stable production at speciﬁed
values, SA was performed to ﬁnd the most inﬂuential uncertain parameters. Hence, it could be ﬁxed or controlled near the minimum deviation such that the minimum target value could be achieved. SA also
aided in minimizing the parameters in the simulation if the selected
variable did not have much eﬀect on the model/process. The results
were further calculated by ﬁxing the noninﬂuential parameters in the
process.
Finally, the pump with given power was added by using the UA results to increase the reliability of pressure in the plan, since the pressure
from the plant was near the desired value (750 kPa), and it also had to be
transported through the pipeline. The ‘thumb rule’ is generally applied
by engineers for a better operation of the plant. Nevertheless, as it is
based on experience, if engineers possess the knowledge of uncertainty,
then the thumb rule can be optimized as well and can help in the better
selection of the equipment in case of plant subjected to uncertainty.

The observations and deep analysis of the dew point variation of the
plant indicated that the phenomenon of UP and its quantiﬁcation
besides the SA can be successfully applied in the process operation
and design step.
From an operational viewpoint, uncertain input deviations should
be as close as possible to their mean value for stable operation/production of the plant.
A safety factor should be considered for the design of the chosen
equipment based on the uncertainty and demand rather than the
basic ‘thumb rule’.
The failure probability and distribution curve play vital roles in the
preliminary stage of the process design and optimization.
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